We present results for the mass of the Ј meson in the continuum limit for two-flavor lattice QCD, calculated on the CP-PACS computer, using a renormalization-group-improved gauge action, and the Sheikoleslami-Wohlert fermion action with a tadpole-improved c sw . The correlation functions are measured at three values of the coupling ␤ corresponding to the lattice spacing aϷ0.22, 0.16, 0.11 fm and for four values of the quark mass parameter corresponding to m /m Ϸ0.8, 0.75, 0.7, 0.6. For each ͑␤, ͒ pair, 400-800 gauge configurations are used. The two-loop diagrams are evaluated using a noisy source method. We calculate Ј propagators using both smeared and local sources, and find that excited state contaminations are much reduced by smearing. A full analysis for the smeared propagators gives m Ј ϭ0.960(87) Ϫ0.248 ϩ0.036 GeV in the continuum limit, where the second error represents the systematic uncertainty coming from varying the functional form for chiral and continuum extrapolations.
I. INTRODUCTION
The large mass of the Ј meson relative to members of the pseudoscalar octet has been an outstanding problem in low-energy hadron spectroscopy for some time ͓1-3͔. A number of lattice QCD calculations have been carried out ͓4 -10͔ to reproduce this feature and to try to understand how it arises. These simulations, however, were made either with quenched configurations ͓4 -7͔ or, where full QCD was employed ͓8-10͔, at a single lattice spacing. In this article we report on a two-flavor full QCD calculation of the flavor singlet meson mass including the continuum extrapolation. The calculation is made on a set of gauge configurations previously generated for a study of light hadron physics, the results of which have been reported in Ref. ͓11͔ for meson and baryon spectra and in Ref. ͓12͔ for light quark masses. Three values of lattice spacing in the range a Ϸ0.22-0.11 fm and four values of quark mass covering m /m Ϸ0.8-0.6 are used.
The main computational challenge in this work lies in the estimation of the double quark loop diagram contribution to the Ј propagator G Ј (t), for which the relative error ⌬G Ј (t)/G Ј (t) increases quickly with t, the time separation from the source. If the error becomes large at a time slice t err less than the first time slice of the plateau in the effective mass t min , it becomes undesirable to fit the G Ј directly. In such circumstances the ratio G Ј (t)/G (t) of Ј to propagator has been used to try to cancel the effects of excited state contributions ͓8,13͔. In this work we set out to ensure a plateau, using an exponential-like smeared source and the method of a U͑1͒ noise source ͓14͔ to decrease t min . The smearing technique has been previously employed in Refs. ͓7-10͔. We also calculate the disconnected contribution with a local source using the method of volume source without gauge fixing ͓6͔.
Preliminary results with the local source have been reported in Ref. ͓13͔ . Here we present full results, and carry our analysis through in the case of the smeared source, where plateaus are achieved.
The organization of this article is as follows. Details of numerical calculations are described in Sec. II. In Sec. III, we give a full account of our analysis procedure and results including estimates of systematic errors arising from chiral and continuum extrapolations. Conclusions are given in Sec. IV.
II. NUMERICAL CALCULATIONS

A. Action and configuration
We use full QCD configurations for two flavors of dynamical quarks. In order to reduce discretization error, these configurations are generated with a renormalization-group-͑RG-͒ improved gauge action and a mean-field-improved clover quark action. The RG-improved gauge action ͓15͔ has the form
where W iϫ j are Wilson loops with size iϫ j, c 1 ϭϪ0.331, and c 0 ϭ1Ϫ8c 1 . For the clover quark action ͓16͔, we set the coefficient c SW ϭ P Ϫ3/4 , where P is the plaquette value calculated in perturbation theory at one loop as Pϭ1 Ϫ0.8412␤ Ϫ1 .
A summary of the parameters and statistics is given in Table I . We use three sets of configurations generated at bare gauge couplings ␤ϭ1.8, 1.95, and 2.1, corresponding to the lattice spacings aϷ0.22, 0.16, and 0.11 fm, with lattice dimensions L 3 ϫTϭ12 3 ϫ24, 16 3 ϫ32, and 24 3 ϫ48. The physical lattice sizes are roughly matched at LaϷ2.5 fm. At each ␤, four hopping parameters are used. They correspond to m /m Ϸ0.8, 0.75, 0.7, and 0.6. The lengths of runs range from 4000 to 7350 hybrid Monte Carlo trajectories, and are listed under the column for N traj in Table I .
B. Propagator measurements
We calculate the single quark loop part of the Ј meson propagator G conn (t) ͓ϭG (t)͔ and the two-quark loop part G disk (t) for both local and smeared sources. The sink is always local. We use an exponential-like smearing kernel K: We try applying source smearing to both, one, or neither of the quark propagators. For the pion, Fig. 1 shows a case where smearing exactly one quark propagator delivers the earliest plateau. A comparison of Ј propagators for different smearings can be found in Fig. 2 ; again a preference for smearing is generally seen, although single smearing is not distinguished from double smearing as it was in the pion case. Since this trend holds over ͑␤, ͒, we focus on the single-smeared-local combination for our analysis. Our implementation of the noisy source method is to use U͑1͒ random sources, fixing to the Coulomb gauge. A U͑1͒ random number exp͓i(n ជ,t)͔ is prepared for each site (n ជ ,t) of the lattice, and a smeared source is made according to
Combining the quark propagator q(n ជ ,t) for the smeared source (n ជ ,t) with exp͓Ϫi(n ជ,t)͔ yields the loop amplitude with a single smearing, while combining q(n ជ ,t) with † (n ជ ,t) gives the doubly smeared amplitude.
Our noise sources are generated only at one value of the ͑spin, color͒ pair at a time; other spin and color components of the source are left at zero. The aim of this procedure is to decrease fluctuations. A similar procedure has been developed as the ''spin explicit method'' in ͓17͔. In order to probe the gauge field evenly, we repeat 12 times, varying the spincolor index, which is chosen to be nonzero over all its 12 possible values, generating a different noisy source for each. We repeat this whole process N noise times, such that the total number of inversions for a fixed smearing is N inv ϭN noise ϫN spin ϫN color .
For the coarsest lattice at ␤ϭ1.8 the noisy source measurement is made with four different values of N noise , 3, 5, 8, and 20. In Fig. 3 we show how the error in G disk (t) varies as a function of N noise , taking tϭ2 as a representative time slice. In Fig. 4 a similar plot is shown for the Ј meson mass obtained by fitting the Ј propagator to a single hyperbolic cosine function. While the error is generally smaller for larger N noise as expected, the precision increases only slowly with N noise , particularly for light quark masses. Furthermore, these errors themselves fluctuate significantly. Overall, we cannot be certain that the N noise reduction will benefit our result. Since N noise and computer time are linearly related, we choose N noise ϭ3 for measurements in the more costly cases of ␤ϭ1.95 and 2.1. At ␤ϭ1.8, we use N noise ϭ8, since it gives the smallest observed error in the chiral limit. In our calculation with the local source ͓13͔, we evaluate G disk with the volume source method without gauge fixing ͓6͔. This measurement is made for every trajectory. On the other hand, G conn is measured every N skip trajectories, so an additional binning of G disk is performed in preparation for constructing G Ј .
We calculate errors of the propagator at each time separation by the jackknife method. In our study of flavor nonsinglet hadrons ͓11͔, an autocorrelation analysis has shown that configurations separated by 50 trajectories are sufficiently decorrelated, so we use bins of 50 trajectories in the jackknife analyses, which translates into a bin size of 5 (␤ ϭ1.8,1.95) or 10 (␤ϭ2.1) measurements.
Slightly different numbers of configurations have been used for the Ј in the smeared case. The number of measurements of smeared Ј correlators for each ͑␤, ͒ pair is given under the column for N smeared meas in Table I . 
III. ANALYSIS AND RESULT
A. Fitting of propagators
To extract the Ј meson mass, we fit the propagator using a single hyperbolic cosine function:
where T is the temporal lattice size. Alternatively, one may fit the ratio G disk (t)/G (t) to
where ⌬mϭm Ј Ϫm . The Ј meson mass is then obtained by adding to ⌬m the pion mass m extracted from a standard fit of form G ͑ t ͒ϭA ͕exp͑Ϫm t ͒ϩexp͓Ϫm ͑ TϪt ͔͖͒.
͑5͒
Let us first look at data obtained with the local source with the volume source method. Figure 5 shows the effective mass for the Ј for a typical case of (␤,)ϭ(2.1,0.1374) on a 24 3 ϫ48 lattice. The Ј effective mass does not show a clear plateau. We nonetheless try to fit the propagator for 3 рtр6 for this example, in order to compare with the ratio method. Figure 6 shows the corresponding ratio as a function of time. A fit of the form ͑4͒ over tуt min yields stable values for m Ј when one varies t min over 2рt min р3. This conceals an unquantifiable systematic error from the effect of excited states. In fact, we obtain m Ј ϭ0.670(26) from the direct fit, but 0.584͑16͒ from the ratio fit, showing a 14% discrepancy.
On the other hand, fitting propagators from the smeared source leads to more reliable estimate of m Ј . We show in Fig. 7 the Ј effective mass for a smeared source for the same simulation parameter as that for the local source above. There is an apparent plateau starting as early as t min ϭ1. Fitting with t min ϭ1 gives m Ј ϭ0.528(12). Figure 8 shows the corresponding ratio G disk (t)/G (t) and the fit, which gives m Ј ϭ0.515(11). The difference of the two fits remains within 3%.
In order to compare the quality of data from the local and smeared sources, we overlay two propagators and two effective masses in Figs. 9 and 10 , respectively. The signal for Ј in the smeared case has larger errors than the local case. On balance, however, the advantage of having plateaus in the smeared case, as shown in Fig. 10 , greatly outweighs the disadvantage of its larger statistical error, which can at any rate be quantified. We therefore concentrate on data from smeared propagators in our full analyses.
Effective masses from smeared propagator at every pair of ͑␤, ͒ are plotted in Figs. 11 (␤ϭ1.8), 12 (␤ϭ1.95) , and 13 (␤ϭ2.1). Consulting these effective masses, we determine m Ј from fitting to propagators with t min ϭ1. Numerical values of m Ј are listed in Table II. For completeness, we carry out ratio fits to smeared propagators with t min ϭ1. Numerical values are also given in Table II . Comparison of results from the direct and ratio fits are made in Fig. 14. We find that the difference is contained within 8%. We should be aware that the effective mass does not exhibit a plateau as early as t min ϭ1 even for the smeared source ͑see, e.g., Fig. 15͒ . While the amount of decrease in the pion effective mass is small for the smeared source, the ratio fit involves systematic uncertainties of this origin. We therefore do not use ratio results in our final analyses. 
B. Chiral extrapolation
To chirally extrapolate the mass of the Ј, we test two functional forms. One is the form appropriate to a Nambu-Goldstone boson ͑NGB͒, with an extra constant term to reflect the nonzero mass of the Ј in the chiral limit:
We refer to this form as the NGB fit. Alternatively, one may take Ј mass itself in a linear form in (am ) 2 , which is standard for vector mesons ͑non-NGB fit͒:
Both fitting forms reproduce our data well with comparable 2 per degree of freedom (DF)ϭ0.9-1.1 ͑NGB fit͒ and 0.4 -2.2 ͑non-NGB fit͒, as shown in Figs. 16 -18 . We use the NGB fit to determine the central values, while the non-NGB fit is used for estimation of systematic errors.
In order to extract m Ј at the physical point and in physical units, we follow the full spectrum analysis of Ref. ͓11͔ and set the degenerate u and d quark masses and the lattice scale from the ratio of to mass m /m ϭ0.1757 and the mass m ϭ0.7684 GeV. The Ј meson mass at the physical point at each ␤ is given in Table III . The non-NGB fit leads to values of m Ј larger than the NGB fit. The difference is the largest for the coarsest lattice ͑16% which is about 2͒ and smaller for the two finer lattices ͑8% or 1.5͒. This difference yields a systematic error of about 4% ͑0.4͒ in the continuum limit, as discussed in detail in Sec. III D. Figure 19 shows m Ј as a function of a. We use a linear form for the continuum extrapolation, m Ј ϭCϩDa, ͑8͒
C. Continuum extrapolation
to estimate the central value in the continuum limit, since we employ a tadpole-improved value for the clover coefficient in our quark action. The 2 /DF of the fit is 4.2. We also try We find 2 /DF for this fit to be 2.8. Finally, since the data hardly change between the finest two lattice spacings, we try removing the coarsest point and fitting to a constant. The quadratic and constant fits are used to estimate the systematic error.
D. Systematic error estimate and final result
We now consider the systematic errors based on the two variant forms for the continuum extrapolation, and the alternative form for the chiral extrapolation. In Table IV we list the four estimates of masses in the continuum limit. The central value is obtained from the linear continuum extrapolation of results from the NGB fit. The quadratic continuum extrapolation gives a lower estimate, and the constant extrapolation a still lower one. On the other hand, the non-NGB chiral fit gives a raised estimate. We therefore take the difference between the central value and the value from the constant continuum extrapolation as the lower part of systematic error, and the deviation of the non-NGB chiral fit as the upper part.
Our final result for m Ј in the continuum limit reads m Ј ϭ0.960͑87͒ Ϫ0.248 ϩ0.036 GeV. ͑10͒
IV. CONCLUSIONS
We have made the first calculation of the mass for the flavor-singlet pseudoscalar meson in the continuum limit. We find that, using smearing, it becomes possible to fit the flavor-singlet pseudoscalar meson correlator directly with a hyperbolic cosine ansatz. Similar conclusions were reached in Refs. ͓7͔, ͓10͔.
There is a lower systematic uncertainty of nearly 30% in our final result. The systematic error breakdown indicates control over the continuum extrapolation to be the most important aim for future simulations, although this control may be established indirectly by some pattern of reduction in statistical error. On the other hand, the higher systematic error, coming entirely from the chiral extrapolation, is only 4%.
Our continuum result is in agreement with the experimental value for the Ј mass of m Ј ϭ0.956 GeV, despite the fact that our calculation is carried out for a flavor-singlet meson composed of u and d quarks and within the two-flavor approximation to QCD. Thus, calculations are under way to attempt to extract the elements of the mixing matrix between quark-based states and eigenstates of mass in the framework of the three-flavor QCD with a partially quenched strange quark. We also aim to follow this analysis with a continuum result from ''2ϩ1'' flavor QCD, in which the strange quark is also treated dynamically, with similar or better statistics than the present work. 
